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Abstract: The paper focuses on passive control MHD flow in the presence of Arrhenius Chemical reactions with Heat 

Generation Absorption. In this paper, a mathematical model for passive control MHD flow in the presence of 

Arrhenius Chemical reactions with Heat Generation Absorption was formulated. The momentum, energy, magnetic, 

and species equations were non-dimensionalized to arrive at dimensionless equations. The dimensionless equations 

were solved analytically with the use of asymptotic expansions defined about activation energy parameter 𝝐. The 

properties of solutions were investigated for second order differential equations to show existence and uniqueness of 

solution of the problem. With graphical representation, the effect of various important physical parameters on 

velocity, energy, concentration and chemical species for reactivity parameter, convective heat transfer, heat 

generation, thermal buoyancy, soret number and Eckert number were investigated. A table is also given that 

provides the results of different parameters on local Nusselt and Sherwood numbers. The passive control model 

reveals that the maximum velocity, temperature and concentration occurs at the surface which is dependent on the 

convective boundary conditions and convective heat traansfer is seen to decline the chemical species distributions. 

Keywords: Passive control, MHD, Chemical reactions, Heat Generation, Heat Transfer, Mass transfer, Exothermic 

Reactions, Boussinesq approximation, hydromagnetic. 

I.   INTRODUCTION 

In several industrial manufacturing processes, including the flow along material handling conveyors, the cooling of an 

infinite metallic plate in a cooling bath, glass blowing, continuous casting, and fiber spinning, the flow due to a stretching 

surface also plays a role in the study of flow and, heat and mass transfer in the boundary layer induced by a surface moving 

with a uniform or non-uniform velocity in a quiescent ambient fluid. The investigation of boundary-layer behavior on 

continuously moving solid surfaces has caught the interest of various academics. Numerous processes, including the 

aerodynamic extrusion of plastic sheets and the boundary layer along a liquid film in condensation processes, Chamka [1], 

make use of the analysis of magneto-hydrodynamic (MHD) flows of electrically conducting fluid. According to Sajid & 

Hayat [2], the Prandtl number and radiation parameter have differing effects on the fluid's temperature on an exponentially 

stretched sheet. When Aliakbar et al. [3] investigated how thermal radiation affected the MHD flow of a Maxwellian fluid, 

they discovered that the fluid's temperature fell as the radiation parameter and Prandtl number increased. Additionally, it 

was discovered that the fluid's temperature increased as the Eckert number increased. Siddheshwar & Mahabaleswar [4] 

examined how heat and radiation sources affected the MHD flow of viscoelastic fluid across a stretching sheet in their 

study. Makinde and Sibanda took into account MHD mixed-convective flow and heat transfer past a vertical plate in a 

porous medium with constant wall suction in their work [5]. While Chamkha & Aly [6] focused on MHD free convection 

flow of a nanofluid via a vertical permeable plate in the presence of a heat source or sink, Aziz & Khan [7] examined the 
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natural convective boundary layer flow of nanofluid through a convectively heated vertical plate. Uddin et al [8] 's analysis 

of MHD free convective boundary layer flow over a flat vertical plate under Newtonian heating boundary conditions 

involved nanofluid research. Samad & Mansur-work Rahman's [9] examined the interaction between thermal radiation and 

unsteady MHD flow via a vertical porous plate. The plate was buried in a porous substance. While Md. Anwar Hossain & 

Munir [10] offered study of a 2-D mixed convection flow of viscous incompressible temperature dependent viscous fluid 

through a vertical plate, Makinde and Sibanda's study [5] concentrated on MHD mixed convective flow and heat transfer 

past a vertical plate submerged in a porous medium with continuous wall suction. While Fang [11] investigated how 

variations in fluid properties affect the boundary layers of a stretching surface, Mahmoud [12] showed how changing 

viscosity affects hydromagnetic boundary layer flow along a continuously rotating vertical plate sensitive to radiation. The 

free convection flow of a fluid with varying viscosity on a porous vertical plate is affected by radiation, according to M. 

Anwar Hossain et al research’s [13]. When a transverse magnetic field was present, Poornima & Reddy [14] used a non-

linear stretching sheet to generate sustained free convective boundary layer flow of a radiating nanofluid. Kandasamy et al. 

[15] investigated the effects of thermal stratification brought on by solar radiation, Brownian motion, and thermophoresis 

on the MHD boundary layer flow of nanofluid. 

II.   MATHEMATICAL FORMULATION 

A. Governing equations 

A number of physical issues, such as fluid undergoing exothermic or endothermic chemical reactions, make the study of 

heat generation or absorption impact in flowing fluids crucial. Chemical reactions occur between a foreign mass and the 

working fluid, which moves as a result of the stretching of a surface, in many chemical engineering processes. Several 

variables affect the chemical reaction's sequence. The first-order reaction, in which the rate of reaction is directly 

proportional to the species concentration, is one of the simplest chemical reactions. We believe that the inclusion of the 

magnetic field and the Arrhenius reaction would be intriguing and practical for applications in light of our steady-state study 

of the convection problem. 

Consider the coupled heat and mass transfer through magnetohydrodynamics flow of a continuously moving vertical 

permeable surface in the presence of surface suction, transverse magnetic field effects, heat generation/absorption effects, 

and Arrhenius heat reactions. 

The surface is kept at a constant temperature, the flow is supposed to be laminar and two-dimensional, and it is assumed 

that the flow will go on forever. Furthermore, it is believed that the applied transverse magnetic Reynolds number is low 

enough to ignore the induced magnetic field. The Hall effect, viscous dissipation, and Joule heating are also all ignored, 

and all thermophysical parameters are taken to be constant with the exception of the density in the buoyancy components 

of the momentum equation, which is approximated using the Boussinesq approximation. 

With these presumptions, the steady equations that characterize the physical condition are as follows: 

                             
𝜕𝑣

𝜕𝑦
= 0                                                                                                                                     (1) 

𝑣
𝜕𝑢

𝜕𝑦
= 𝜈

𝜕2𝑢

𝜕𝑦2
+ 𝑔𝛽𝑡(𝑇 − 𝑇∞) + 𝑔𝛽𝑐(𝐶 − 𝐶∞) −

𝜎𝐵0
2𝑢

𝜌
                                                (2) 

𝜌𝑐𝑝𝑣
𝜕𝑇

𝜕𝑦
= 𝑘

𝜕2𝑇

𝜕𝑦2
+ 𝑄(𝑇 − 𝑇∞) +  𝜇 (

𝜕𝑢

𝜕𝑦
 )
2

                                                                           (3) 

𝜌
𝜕𝐶

𝜕𝑦
= 𝐷

𝜕2𝐶

𝜕𝑦2
+ 𝑘𝑟

2(𝑇 −  𝑇∞)
𝑟 exp (−

𝐸𝑎
𝑅𝐺𝑇

) (𝐶 − 𝐶∞)                                                (4) 

The appropriate physical boundary conditions for passive control involving slip and convective heat transfer could be 

written as follow: 

𝑢 = 𝐿1 (
𝜕𝑢

𝜕𝑦
) , 𝑣 = 𝑣𝑤 , −𝑘

𝜕𝑇

𝜕𝑦
=  ℎ[𝑇 − 𝑇𝑤], 𝐷𝐵

𝜕𝐶

𝜕𝑦
+
𝐷𝑇
𝑇∞

𝜕𝑇

𝜕𝑦
= 0, 𝑎𝑡 𝑦 = 0

𝑢 → 𝑈∞, 𝑇 → 𝑇∞, 𝐶 → 𝐶∞,    as 𝑦 → ∞,

}                                (5) 

https://www.paperpublications.org/
https://www.paperpublications.org/


                                                                                                                                                                    ISSN  2350-1022 
 

International Journal of Recent Research in Mathematics Computer Science and Information Technology  
Vol. 9, Issue 2, pp: (55-69), Month: October 2022 – March 2023, Available at: www.paperpublications.org 

 

 Page | 57 
Paper Publications 

where 𝑢𝑤 , 𝑣0  > 0, 𝑇𝑤 and 𝐶𝑤 are surface speed, suction speed, surface temperature, and concentration, in that order. 

B. Non - Dimensionalisation 

From the continuity equation (1) 

𝜕𝑣

𝜕𝑦
= 0, 𝑣(0) = 𝑣𝑤 

Integrating we have the solution   

𝑣(𝑦) = 𝑣𝑤                                                                                                       (6) 

The momentum, energy, magnetic, and species equations (2-4) can be non-dimensionalized using the solution (6) by 

employing the subsequent non-dimensional variables. 

𝑦′ = 𝑦 
𝑣𝑤
𝜈
, 𝑢′ =

𝑢

𝑢𝑤
, 𝑣′ =

𝑣

𝑣0
, 𝐿1 = 𝐿0

𝜈

𝑣𝑤
, 𝑇 − 𝑇∞ =

𝑅𝑔𝑇∞
2

𝐸𝑎
𝜃, 𝐶 − 𝐶∞ = (𝐶𝑤 − 𝐶∞)𝜙                               (7) 

After dropping primes (‘), we have 

𝑑2𝑢

𝑑𝑦2
+ 𝑣0

𝑑𝑢

𝑑𝑦
+ 𝐺𝑟𝑡𝜃 + 𝐺𝑟𝑐𝜙 − 𝐻𝑢 = 0                                                                                              (8) 

𝑑2𝜃

𝑑𝑦2
+ Pr 𝑣0

𝑑𝜃

𝑑𝑦
+ Pr 𝛽𝜃 + 𝜖𝐸𝑐 (

𝜕𝑢

𝜕𝑦
 )
2

= 0                                                                                              (9) 

𝑑2𝜙

𝑑𝑦2
+ 𝑆𝑐 𝑣0

𝑑𝜙

𝑑𝑦
+ 𝜖𝜆𝜃𝑟𝑒

𝜃
1+𝜖𝜃𝜙 = 0                                                                                            (10) 

The dimensionless boundary conditions are 

𝑢′ = 𝐿0 (
𝜕𝑢′

𝜕𝑦′
) ,−

𝜕𝜃

𝜕𝑦′
=  𝐵𝑖[𝜃 − 1],

𝜕𝜙

𝜕𝑦′
+ 𝑆𝑟

𝜕𝜃

𝜕𝑦′
= 0, 𝑎𝑡 𝑦′ = 0

𝑢′ →
𝑈∞
𝑢𝑤

, 𝜃 → 0,𝜙 → 0,    as 𝑦 → ∞,
}
 
 

 
 

                                (11) 

Where 

𝜇𝑐𝑝

𝑘
= 𝑃𝑟,

𝜇

𝐷
= 𝑆𝑐, 𝑔𝛽𝑡

𝑅𝑔𝑇∞
2𝜈

𝑣𝑤
2𝑢𝑤𝐸𝑎

= 𝐺𝑟𝑡,
𝑔𝛽𝑐(𝐶𝑤 − 𝐶∞)𝜈

𝑣𝑤
2𝑢𝑤

𝐺𝑟𝑐,
𝜎𝐵0

2𝜈

𝑣𝑤
2𝜌

= 𝐻,
1

𝐵𝑖
=
𝑘

ℎ

𝑣𝑤
𝜈

𝑈∞
𝑢𝑤

= 𝐴,
𝑄𝜈2

𝑣𝑤𝑘
= Pr 𝛽,

𝐸𝑎
2

𝑅𝑔
2𝑇∞

3

𝜇

𝑘
𝑢𝑤
2 = 𝐸𝑐,

𝑘𝑟
2

𝐷

𝜈2

𝑣𝑤
2

𝜖𝑟−1𝑇∞
𝑟

(𝐶𝑤 − 𝐶∞)
𝑒−

1
𝜖 = 𝜆, 𝑆𝑟 = 𝜖

𝐷𝑇𝑇∞
𝐷𝐵(𝐶𝑤 − 𝐶∞)

                            (12) 

We assume exponential approximation similar to the one in Ayeni et. al [16], the polynomial approximation of the 

exponential term  

exp (
𝜃

1 + 𝜖𝜃
) ≈ 1 + 𝜃 + (

1

2
− 𝜖)𝜃2 

Then the equation (10) becomes  

𝑑2𝜙

𝑑𝑦2
+ 𝑆𝑐 𝑣0

𝑑𝜙

𝑑𝑦
+ 𝜖𝜆𝜃𝑟 (1 + 𝜃 + (

1

2
− 𝜖) 𝜃2)𝜙 = 0                                                                               (13) 

which has a quadratic temperature field. 

The equivalent of the boundary condition becomes 

𝑢(0) = 𝐿0
𝜕𝑢(𝑦)

𝜕𝑦
|
𝑦=0

,
𝜕𝜃(𝑦)

𝜕𝑦
|
𝑦=0

= 𝐵𝑖(𝜃(𝑦) − 1)|𝑦=0,
𝜕𝜙(𝑦)

𝜕𝑦
+ 𝑆𝑟 

𝜕𝜃(𝑦)

𝜕𝑦
|
𝑦=0

= 0,

                                                                              𝑢 → 0, 𝜃 → 0, 𝜙 → 0, as 𝑦 → ∞

                            (14) 

https://www.paperpublications.org/
https://www.paperpublications.org/


                                                                                                                                                                    ISSN  2350-1022 
 

International Journal of Recent Research in Mathematics Computer Science and Information Technology  
Vol. 9, Issue 2, pp: (55-69), Month: October 2022 – March 2023, Available at: www.paperpublications.org 

 

 Page | 58 
Paper Publications 

III.   METHOD OF SOLUTION 

Now, we consider the dimensionless equations (8), (9) and (13) with the boundary conditions (14).  Using the asymptotic 

expansions defined about activation energy parameter 𝜖, as  

𝑢 ≅ 𝑢0 + 𝜖𝑢1 
𝜃 ≅ 𝜃0 + 𝜖𝜃1  
𝜙 ≅ 𝜙0 + 𝜖𝜙1

}                                                                                                              (15) 

Substituting equation (15) into the dimensionless equations (8), (9) and (13) together with the boundary conditions (14) and 

separate the harmonic and non-harmonic respectively gives for zero order 𝜖0 

𝑑2

𝑑𝑦2
𝑢0(𝑦) + 𝑣0

𝑑

𝑑𝑦
𝑢0(𝑦) +  𝐺𝑟𝑐𝜙0(𝑦) + 𝐺𝑟𝑡𝜃0(𝑦) − 𝐻𝑎𝑢0(𝑦) = 0,

                                          
𝑑2

𝑑𝑦2
𝜃0(𝑦) + 𝑃𝑟𝑣0

𝑑

𝑑𝑦
𝜃0(𝑦) + 𝑃𝑟𝜷𝜃0(𝑦) = 0,

                                                                 
𝑑2

𝑑𝑦2
𝜙0(𝑦) + 𝑆𝑐𝑣0

𝑑

𝑑𝑦
𝜙0(𝑦) = 0.}

  
 

  
 

                                     (16) 

𝑢0 = 𝐿0
𝜕𝑢0
𝜕𝑦

,
𝜕𝜃0
𝜕𝑦

= 𝐵𝑖(𝜃0 − 1),
𝜕𝜙0
𝜕𝑦

+ 𝑆𝑟 
𝜕𝜃0
𝜕𝑦

= 0, 𝑢0 → 𝐴, 𝜃0 → 0,𝜙0 → 0, as 𝑦 → ∞                         (17) 

and for first order 𝜖1 

             
𝑑2

𝑑𝑦2
𝑢1(𝑦) + 𝑣0

𝑑

𝑑𝑦
𝑢1(𝑦) +  𝐺𝑟𝑐𝜙1(𝑦) + 𝐺𝑟𝑡𝜃1(𝑦) − 𝐻𝑎𝑢1(𝑦) = 0,

                      𝑃𝑟𝑣0
𝑑

𝑑𝑦
𝜃1(𝑦) + 𝑃𝑟𝜷𝜃1(𝑦) +

𝑑2

𝑑𝑦2
𝜃1(𝑦) + 𝐸𝑐 (

𝑑

𝑑𝑦
𝑢0(𝑦))

2

= 0

𝑑2

𝑑𝑦2
𝜙1(𝑦) + 𝑆𝑐𝑣0

𝑑

𝑑𝑦
𝜙1(𝑦) + 𝜆𝜃0(𝑦)

𝑟 (1 + 𝜃0(𝑦) +
1

2
𝜃0(𝑦)

2)𝜙0(𝑦) = 0.
}
 
 
 

 
 
 

                            (18) 

𝑢1 = 𝐿0
𝜕𝑢1
𝜕𝑦

,
𝜕𝜃1
𝜕𝑦

=  𝐵𝑖𝜃1,
𝜕𝜙1
𝜕𝑦

+ 𝑆𝑟
𝜕𝜃1
𝜕𝑦

= 0, 𝑢1 → 0, 𝜃1 → 0,𝜙1 → 0,    as 𝑦 → ∞                            (19) 

 

The solutions approximated by equations (16) – (19) are obtained using method of undetermined coefficient and the result 

for zero order 𝜖0 are: 

𝜃0(𝑦) = 𝑎1𝑒
−𝑚𝑦                                            

𝜙0(𝑦) = 𝑎2𝑒
−𝑣0𝑆𝑐𝑦 ,                                       

𝑢0(𝑦) = 𝑎3𝑒
−𝑚𝑦 + 𝑎4𝑒

−𝑣0𝑆𝑐𝑦 + 𝑎5𝑒
−𝑛𝑦

}                                                         (20) 

While the first order solutions are: 

𝜃1(𝑦) = 𝑎6𝑒
−𝑚𝑦 + 𝑎7𝑒

−2𝑚𝑦 + 𝑎8𝑒
−(𝑆𝑐𝑣0+𝑚)𝑦 + 𝑎9𝑒

−(𝑛+𝑚)𝑦 + (𝑎10 + 𝑎12)𝑒
−2𝑆𝑐𝑣0𝑦 + 𝑎11𝑒

−(𝑆𝑐𝑣0+𝑛)𝑦            

𝜙1(𝑦) = 𝑎14𝑒
−(𝑣0𝑆𝑐+𝑚(𝑟+2))𝑦 + 𝑎15𝑒

−(𝑣0𝑆𝑐+𝑚(𝑟+1))𝑦 + 𝑎16𝑒
−(𝑣0𝑆𝑐+𝑚𝑟)𝑦 + 𝑎17𝑒

−𝑣0𝑆𝑐𝑦                                            
 

𝑢1(𝑦) = 𝑎18𝑒
−𝑛𝑦 + 𝑎19𝑒

−𝑚𝑦 + 𝑎20𝑒
−2𝑚𝑦 + 𝑎21𝑒

−(𝑆𝑐𝑣0+𝑚)𝑦 + 𝑎22𝑒
−(𝑛+𝑚)𝑦 + 𝑎23𝑒

−2𝑣0𝑆𝑐𝑦 + 𝑎24𝑒
−(𝑆𝑐𝑣0+𝑛)𝑦

+𝑎26𝑒
−(𝑆𝑐𝑣0+𝑚(𝑟+2))𝑦 + 𝑎27𝑒

−(𝑆𝑐𝑣0+𝑚(𝑟+1))𝑦 + 𝑎28𝑒
−(𝑆𝑐𝑣0+𝑚𝑟)𝑦 + 𝑎28𝑒

−(𝑆𝑐𝑣0+𝑚𝑟)𝑦 }
 
 

 
 

   (21) 

Solution for order of 𝜖𝑖 , 𝑖 ≥ 2 are negligible. 

Using equations (20) and (21) in equation (15), we have the solutions for velocity, temperature and species concentrations, 

respectively as  

𝑢(𝑦) ≅ 𝑎3𝑒
−𝑚𝑦 + 𝑎4𝑒

−𝑣0𝑆𝑐𝑦 + 𝑎5𝑒
−𝑛𝑦 + 𝜖(𝑎18𝑒

−𝑛𝑦 + 𝑎19𝑒
−𝑚𝑦  + 𝑎20𝑒

−2𝑚𝑦 + 𝑎24𝑒
−(𝑆𝑐𝑣0+𝑛)𝑦

     +𝑎21𝑒
−(𝑆𝑐𝑣0+𝑚)𝑦 + 𝑎22𝑒

−(𝑛+𝑚)𝑦 + 𝑎23𝑒
−2𝑣0𝑆𝑐𝑦 + 𝑎26𝑒

−(𝑆𝑐𝑣0+𝑚(𝑟+2))𝑦

 +𝑎27𝑒
−(𝑆𝑐𝑣0+𝑚(𝑟+1))𝑦

        
+𝑎28𝑒

−(𝑆𝑐𝑣0+𝑚𝑟)𝑦 + 𝑎28𝑒
−(𝑆𝑐𝑣0+𝑚𝑟)𝑦                  

               (22) 
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𝜙(𝑦) ≅ 𝑎2𝑒
−𝑣0𝑆𝑐𝑦 + 𝜖(𝑎14𝑒

−(𝑣0𝑆𝑐+𝑚(𝑟+2))𝑦 + 𝑎15𝑒
−(𝑣0𝑆𝑐+𝑚(𝑟+1))𝑦 + 𝑎16𝑒

−(𝑣0𝑆𝑐+𝑚𝑟)𝑦 + 𝑎17𝑒
−𝑣0𝑆𝑐𝑦)      (23) 

𝜃(𝑦) ≅ 𝑎1𝑒
−𝑚𝑦 + 𝜖(𝑎6𝑒

−𝑚𝑦 + 𝑎7𝑒
−2𝑚𝑦 + 𝑎8𝑒

−(𝑆𝑐𝑣0+𝑚)𝑦 + 𝑎9𝑒
−(𝑛+𝑚)𝑦

+(𝑎10 + 𝑎12)𝑒
−2𝑆𝑐𝑣0𝑦 + 𝑎11𝑒

−(𝑆𝑐𝑣0+𝑛)𝑦)      
                                                         (24) 

All parameters are as define in the appendix. 

A. Rate of Heat and Mass Transfer at the wall 

Local Skin-Friction 𝜏,Nusselt number Nu, and Sherwood number Sh are the quantities of relevance to engineers. Following 

Mohamed et al. [17] definition, these numbers are: 

𝜏 =
𝜏𝑤

𝜌𝑛𝑓𝑈𝑤
2
 ,   𝑁𝑢𝑥  =  

𝐸𝑎𝑞𝑤
𝑘𝑅𝑔𝑇∞

2
 , 𝑆ℎ𝑥  =

𝑥𝑞𝑚
𝐷𝐵(𝐶𝑤  −  𝐶∞)

                                    (25) 

where 𝜏𝑤 represents the skin friction along the surface, 𝑞𝑤 the heat flux from the surface and are respectively given as 

𝜏𝑤 = [𝜈
𝜕𝑢

𝜕𝑦
]
𝑦=0

, 𝑞𝑤 = [−𝑘
𝜕𝑇

𝜕𝑦
]
𝑦=0

, 𝑞𝑚 = [−𝐷
𝜕𝐶

𝜕𝑦
 ]
𝑦=0

                                           (26) 

where 𝑞𝑤  and 𝑞𝑚, represents the heat and mass fluxes at the surface respectively. 

Using similarity transformation, we have 

𝜏 =
𝑑𝑢

𝑑𝑦
|
𝑦=0

, 𝑁𝑢 = −
𝑑𝜃

𝑑𝑦
|
𝑦=0

, 𝑆ℎ =
𝑑𝜙

𝑑𝑦
|
𝑦=0

                                                               (27) 

Using equations (22), (23) and (24) in equation (27), the dimensionless flow rate function at the boundary becomes 

 

𝜏 = −𝑎3𝑚 − 𝑎4𝑆𝑐𝑣0 − 𝑎5𝑛 − 𝜖(𝑎18𝑛 + 𝑎19𝑚 + 2𝑎20𝑚+ 𝑎21(𝑆𝑐𝑣0 +𝑚) + 𝑎22(𝑛 + 𝑚) + 2𝑎23𝑆𝑐𝑣0
        +𝑎24(𝑆𝑐𝑣0 + 𝑛) + 𝑎26(𝑆𝑐𝑣0 +𝑚(𝑟 + 2)) + 𝑎27(𝑆𝑐𝑣0 +𝑚(𝑟 + 1)) + 𝑎28(𝑆𝑐𝑣0 +𝑚𝑟) + 𝑎29𝑆𝑐𝑣0)

     (28) 

𝑁𝑢 = 𝑎1𝑚 + 𝜖(𝑎6𝑚 + 2𝑎7𝑚 + 𝑎8 (𝑆𝑐 𝑣0 +  𝑚) + 𝑎9 (𝑛 + 𝑚) + 2(𝑎10 + 𝑎12)𝑆𝑐 𝑣0 + 𝑎11(𝑆𝑐 𝑣0 +  𝑛))      (29) 

𝑆ℎ = 𝑎2𝑆𝑐𝑣0 + 𝜖(𝑎14(𝑆𝑐𝑣0 +𝑚(𝑟 + 2)) + 𝑎15(𝑆𝑐𝑣0 +𝑚(𝑟 + 1)) + 𝑎16(𝑆𝑐𝑣0 +𝑚𝑟) + 𝑎17𝑆𝑐 𝑣0)              (30) 

IV.   RESULTS AND DISCUSSIONS 

A. Condition for Existence of Solution  

It should be noted here that the above solutions will be unique and real, if and only if the following conditions hold: 

𝑚 =
1

2
(𝑃𝑟𝑣0 +√𝑃𝑟

2𝑣0
2 − 4𝑃𝑟𝛽)  ∈ ℝ, 𝑛 =

1

2
(𝑣[0] + √𝑣0

2 − 4𝐻) ∈ ℝ 

𝑃𝑟2𝑣0
2 −  4𝑃𝑟𝛽 ≥ 0, 𝑣0

2 − 4𝐻 ≥ 0 

Which implies that 

𝛽 ≤
𝑃𝑟𝑣0

2

4
, 𝐻 ≤

𝑣0
2

4
 

But for plasma, which is the supposed fluid under consideration, 𝑃𝑟 = 0.71, thus 

𝛽 ≤
0.71𝑣0

2

4
= 0.177𝑣0

2  

Typical values for 𝛽 suggested by 𝑣0 > 0 when 𝜖 is taken to be 0.1 is depicted in Figure 2. 

Lemma. Let 𝐺𝑟𝑡 > 0, 𝐺𝑟𝑐 > 0, 𝐻 > 0, 𝑣0 > 0, 𝜆 ∈ [−𝑎, 𝑎], 𝑟, 𝑎 ∈ ℛ+. Then 𝜑(𝑦), 𝜑(𝑦) = 𝑢(𝑦), 𝜃(𝑦), 𝜙(𝑦) has no 

maximum in the entire domain of the flow process.  
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Proof.  

From equations (21) – (23) we obtain  

𝑑

𝑑𝑦
𝜃(𝑦) = −𝑚𝑎1𝑒

−𝑚𝑦 − 𝜖(𝑚𝑎6𝑒
−𝑚𝑦 + 2𝑚𝑎7𝑒

−2𝑚𝑦 + (𝑆𝑐𝑣0 +𝑚)𝑎8𝑒
−(𝑆𝑐𝑣0+𝑚)𝑦                      

                         +(𝑛 + 𝑚)𝑎9𝑒
−(𝑛+𝑚)𝑦 + 2𝑆𝑐𝑣0(𝑎10 + 𝑎12)𝑒

−2𝑆𝑐𝑣0𝑦 + (𝑆𝑐𝑣0 + 𝑛)𝑎11𝑒
−(𝑆𝑐𝑣0+𝑛)𝑦)

        (31) 

 

𝑑

𝑑𝑦
𝜙(𝑦) = −𝑣0𝑆𝑐𝑎2𝑒

−𝑣0𝑆𝑐𝑦 − 𝜖 ((𝑣0𝑆𝑐 +𝑚(𝑟 + 2)) + 𝑎14𝑒
−(𝑣0𝑆𝑐+𝑚(𝑟+2))𝑦                            

                    +(𝑣0𝑆𝑐 + 𝑚(𝑟 + 1))𝑎15𝑒
−(𝑣0𝑆𝑐+𝑚(𝑟+1))𝑦 + (𝑣0𝑆𝑐 + 𝑚𝑟)𝑎16𝑒

−(𝑣0𝑆𝑐+𝑚𝑟)𝑦 + 𝑣0𝑆𝑐𝑎17𝑒
−𝑣0𝑆𝑐𝑦

   (32) 

𝑑

𝑑𝑦
𝑢(𝑦) = −𝑚𝑎3𝑒

−𝑚𝑦 − 𝑣0𝑆𝑐𝑎4𝑒
−𝑣0𝑆𝑐𝑦 − 𝑛𝑎5𝑒

−𝑛𝑦 − 𝜖(𝑛𝑎18𝑒
−𝑛𝑦 +𝑚𝑎19𝑒

−𝑚𝑦 + 2𝑚𝑎20𝑒
−2𝑚𝑦

+(𝑆𝑐𝑣0 +𝑚)𝑎21𝑒
−(𝑆𝑐𝑣0+𝑚)𝑦 + (𝑛 + 𝑚)𝑎22𝑒

−(𝑛+𝑚)𝑦 + 2𝑣0𝑆𝑐𝑎23𝑒
−2𝑣0𝑆𝑐𝑦

+(𝑆𝑐𝑣0 +𝑚(𝑟 + 2))𝑎26𝑒
−(𝑆𝑐𝑣0+𝑚(𝑟+2))𝑦 + (𝑆𝑐𝑣0 + 𝑛)𝑎24𝑒

−(𝑆𝑐𝑣0+𝑛)𝑦

+(𝑆𝑐𝑣0 +𝑚𝑟)𝑎28𝑒
−(𝑆𝑐𝑣0+𝑚𝑟)𝑦 + (𝑆𝑐𝑣0 +𝑚(𝑟 + 1))𝑎27𝑒

−(𝑆𝑐𝑣0+𝑚(𝑟+1))𝑦

 (33) 

 

We let  

𝑒−𝑚𝑦 = 𝑥1, 𝑒
−𝑣0𝑆𝑐𝑦 = 𝑥2, 𝑒

−𝑛𝑦 = 𝑥3, 

And set  

𝑑

𝑑𝑦
𝜑(𝑦) = 0, where 𝜑 = 𝑢, 𝜃, 𝜙 

We have 

 

−𝑚𝑎1𝑥1 − 𝜖(𝑚𝑎6𝑥1 + 2𝑚𝑎7𝑥1
2 + (𝑆𝑐𝑣0 +𝑚)𝑎8𝑥1𝑥2                              

              +(𝑛 +𝑚)𝑎9𝑥1𝑥2 + 2𝑆𝑐𝑣0(𝑎10 + 𝑎12)𝑥1
2 + (𝑆𝑐𝑣0 + 𝑛)𝑎11𝑥2𝑥3) = 0

                                (34) 

−𝑣0𝑆𝑐𝑎2𝑥2 − 𝜖 ((𝑣0𝑆𝑐 + 𝑚(𝑟 + 2))𝑎14𝑥1
3𝑥2                                                    

+(𝑣0𝑆𝑐 + 𝑚(𝑟 + 1))𝑎15𝑥1
2𝑥2 + (𝑣0𝑆𝑐 + 𝑚𝑟)𝑎16𝑥1𝑥2 + 𝑣0𝑆𝑐𝑎17𝑥2) = 0

                               (35) 

−𝑚𝑎3𝑥1 − 𝑣0𝑆𝑐𝑎4𝑥2 − 𝑛𝑎5𝑥3 − 𝜖(𝑛𝑎18𝑥3 +𝑚𝑎19𝑥1 + 2𝑚𝑎20𝑥1
2   

+(𝑆𝑐𝑣0 +𝑚)𝑎21𝑥1𝑥2 + (𝑛 + 𝑚)𝑎22𝑥1𝑥3 + 2𝑣0𝑆𝑐𝑎23𝑥2
2 + (𝑆𝑐𝑣0 + 𝑛)𝑎24𝑥2𝑥3

+(𝑆𝑐𝑣0 +𝑚(𝑟 + 2))𝑎26𝑥1
3𝑥2 + (𝑆𝑐𝑣0 +𝑚(𝑟 + 1))𝑎27𝑥1

2𝑥2 + (𝑆𝑐𝑣0 +𝑚𝑟)𝑎28𝑥1𝑥2 = 0

                              (36) 

respectively. 

On solving for 𝑥1, 𝑥2 and 𝑥3, the two real roots are 

𝑥1 = 0, 𝑥2 = 0, 𝑥3 = 0                                                                                                      (37) 

𝑥1 = −
1

2

𝑚(𝜖 𝑎6 + 𝑎1)

𝜖(𝑆𝑐𝑣0(𝑎10 + 𝑎12) + 𝑚𝑎7)
, 𝑥2 = 0, 𝑥3 =

1

2

𝑎3
2𝑚(𝜖 𝑎6 + 𝑎1)

𝜖 (𝑆𝑐𝑣0(𝑎10 + 𝑎12) + 𝑚𝑎7)𝑎5𝑛
   (38) 

But 

𝑦 = −
1

𝑚
ln 𝑥1 = −

1

𝑣0𝑆𝑐
ln 𝑥2 = −

1

𝑛
ln 𝑥3 < 0 

Thus, by the condition of the theorem, position y at which a maximum occur does not exist. 

Hence the theorem! 
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Corollary: As consequence of the above, the maximum velocity, temperature and concentration occurs at the surface which 

is dependent on the convective boundary conditions. 

B. Discussion of Results 

In respect to the surface suction/injection, Figure 2 shows the link between the heat generation/absorption parameter and 

Hartman number. Hartman number and the heat generation/absorption parameter both appear to behave similarly within 

the boundary, with the Lorents force increasing more quickly than the heat generation/absorption parameter in relation to 

an increase in suction/injection. 

Figures 3 and 4 shows the effect of Lorentz force, heat generation/absorption and convective heat transfer on the velocity 

respectively. From the figures we observe that the Lorentz force in term of Hartman and heat generation/absorption decline 

the bulk velocity of the flow field with maximum velocity at the surface depending on the slip factor. In Figure 5-12, we 

display the impact of and convective heat transfer, Eckert number, velocity slip factor, chemical reactivity parameter, mass 

and thermal buoyancy, Frank Kamnetski parameter and, Soret number respectively on velocity distribution. From the 

figures, it was discovered that an increase in each parameter resulted in increase in velocity of the flow field. 

Table 1: Effect of governing parameters on Velocity, Temperature and Concentration initial values and flow rate 

at the wall. 

 𝑢(0) 𝜃(0) 𝜙(0) 𝜏 𝑁𝑢 𝑆ℎ 

𝐻 =0.39 13.91 0.20 1.09 -22.91775 0.15985 -0.36733 

𝐻 =0.40 4.23 0.20 1.14 -7.05459 0.15985 -0.41557 

𝐻 =0.55 1.04 0.20 -1.78 -1.59139 0.15994 2.11514 

𝐻 =0.56 0.40 0.20 -1.04 -0.43785 0.15995 1.41483 

𝛽 =0.30 13.91 0.10 -0.79 -22.91775 0.18013 -0.85336 

𝛽 =0.31 6.38 0.12 -0.66 -10.56172 0.17684 -0.57965 

𝛽 =0.32 3.51 0.13 -0.39 -5.86389 0.17384 -0.37377 

𝛽 =0.35 1.65 0.15 -0.35 -2.80381 0.16982 -0.32697 

𝐸𝑐 =0.05 3.50 0.20 -0.37 -5.86305 0.15974 -0.35666 

𝐸𝑐 =0.10 6.97 0.24 -0.39 -11.54795 0.15618 -0.39337 

𝐸𝑐 =0.20 13.91 0.28 -0.44 -22.91775 0.15244 -0.46678 

𝐸𝑐 =0.50 34.73 0.40 -0.58 -57.02714 0.14121 -0.68702 

𝜆 =00.0 13.85 0.20 -0.49 -22.82995 0.15985 -0.43810 

𝜆 =10.0 17.91 0.20 -0.40 -28.68314 0.15985 -0.36905 

𝜆 =25.0 23.99 0.20 -0.31 -37.46293 0.15985 -0.30001 

𝜆 =50.0 34.12 0.20 -0.22 -52.09592 0.15985 -0.23097 

𝐺𝑟𝑐 =1.0 2.80 0.20 -0.35 -4.36716 0.15991 -0.32138 

𝐺𝑟𝑐 =3.0 8.36 0.20 -0.35 -13.63661 0.15992 -0.32591 

𝐺𝑟𝑐 =5.0 13.91 0.20 -0.37 -22.91775 0.15985 -0.33464 

𝐺𝑟𝑐 =7.0 19.42 0.20 -0.36 -32.15353 0.15970 -0.34756 

𝐺𝑟𝑡 =0.8 0.45 -0.36 -0.36 -1.17358 0.04074 -0.33976 

𝐺𝑟𝑡 =1.0 0.78 -2.05 -0.64 -1.68605 -0.33850 -0.45883 

𝐺𝑟𝑡 =1.5 1.89 -4.87 -1.57 -3.46131 -0.97802 -0.81539 

𝐺𝑟𝑡 =2.0 3.44 -8.82 -5.35 -5.94226 -1.87784 -2.22087 

𝐵𝑖 =0.8 87.50 0.50 -0.92 -143.52394 0.39836 -0.89110 

𝐵𝑖 =0.4 38.76 0.34 -0.60 -63.68401 0.26611 -0.57392 

𝐵𝑖 =0.2 13.91 0.20 -0.35 -22.91775 0.15985 -0.33464 

𝐵𝑖 =0.1 4.28 0.11 -0.19 -7.08649 0.08885 -0.18230 

𝐿0 =0.0 10.98 0.20 -0.35 -19.62632 0.15986 -0.33492 

𝐿0 =0.5 15.87 0.20 -0.35 -25.12046 0.15985 -0.33482 

𝐿0 =1.0 20.78 0.20 -0.35 -30.64089 0.15986 -0.33471 
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𝐿0 =2.0 30.62 0.20 -0.35 -41.70547 0.15985 -0.33447 

𝜖 =0.01 1.37 0.20 -0.34 -2.37309 0.15992 -0.32133 

𝜖 =0.02 2.76 0.20 -0.36 -4.65583 0.15978 -0.34942 

𝜖 =0.03 4.15 0.20 -0.37 -6.93857 0.15970 -0.36421 

𝜖 =0.05 6.94 0.20 -0.39 -11.50405 0.15955 -0.39378 

𝑆𝑟 =0.5 3.49 0.20 -0.09 -5.52326 0.15991 -0.08043 

𝑆𝑟 =1.0 6.97 0.20 -0.17 -11.31593 0.15992 -0.16219 

𝑆𝑟 =2.0 13.91 0.20 -0.35 -22.91775 0.15985 -0.33464 

𝑆𝑟 =4.0 27.50 0.20 -0.76 -45.79743 0.15933 -0.74962 

𝑃𝑟 =0.01 0.40 0.46 -0.24 1.57435 0.10630 -0.22030 

𝑃𝑟 =0.03 0.17 0.33 -0.29 0.60079 0.13440 -0.27542 

𝑃𝑟 =0.71 -0.11 0.07 -0.39 -0.07327 0.18509 -0.35593 

𝑃𝑟 =2.36 -0.11 0.03 -0.41 -0.31929 0.19313 -0.38411 

The impact of heat generation, Eckert number and convective heat transfer is displayed in Figures 13-15 respectively. As 

expected, as much heat is generated, the bulk havailable heat in the flow system decrease resulting into lowering of 

temperature in the flow field while,Eckert number which expresses the relationship between the flow kinetic energu and 

the boundary enthalpy difference is seen to lower the flow temperature as a result of the irreversible process that took place 

in the system. As convective heat transfer increases, the temperature of the flow field increases with maximum temperature 

only at the surface. While we show in Figure 16 that increase in thermal buoyancy increase the ability of the flow to 

withstand heat and therby encouraging the motion of plate in the direction of the flow. 

Figures 17-22 depict the checmical concentration species relative to changes in reactivity parameter, convective heat 

transfer, heat generation, thermal buoyancy, Soret and Eckert numbers respectively. These figures show that the reaction 

flow is a distructive one with more species consumed as destructive parameter increases and vice versa as shown in Figure 

17. The convective heat traansfer is seen to decline the chemical species distributions as displayed in Figure 18. While 

Figure 19 indicates that more chemical species is consumed with increase in heat generation.Increase in thermal buoyancy 

Soret and Eckert numbers consumed more chemical species as displayed in Figures 20, 21 and 22 respectively. 

 

Figure 2: Relationship between 𝜷,𝑯 and 𝒗𝟎 

The variation of flow governing parameters on the rate of flow at the wall in terms of Skin Friction, Nusselt number and 

Sherwood number representing aerodynamics or hydrodynamic drag, rate of heat transfer at the wall and rate of mass 

transfer at the wall respectively. It should be pointed out that Skin-Friction is a resistant force exerted on an object passing 

through the fluid. This type of force is caused by the fluid viscosity which is developed from laminar to turbulent drag as 

object passes through the fluid and vice versa. In Table 1, we depict the effect of the various parameters on the flow rate at 

the wall and the resultant effect is clearly shown in the table. 
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Figure 3: Velocity Distributions for varios values of 

Hartman number 

 

Figure 4: Velocity Distributions for varios values of 

heat generation/absorption 

 

Figure 5: Velocity Distributions for varios values of 

Convective heat transfer 

 

Figure 6: Velocity Distributions for varios values of 

Eckert number 

 

Figure 7: Velocity Distributions for varios values of 

velocity slip factor 

 

Figure 8: Velocity Distributions for varios values of 

reactivity parameter 
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Figure 9: Velocity Distributions for varios values of 

mass buoyancy 

 

Figure 10: Velocity Distributions for varios values 

of thermal buoyancy 

 

Figure 11: Velocity Distributions for varios values 

of Frank Kamnetski parameter 

 

Figure 12: Velocity Distributions for varios values 

of Soret number 

 

Figure 13: Temperature Distributions for varios 

values of heat generation/absorption 

 

Figure 14: Temperature Distributions for varios 

values of Eckert number 
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Figure 15: Temperature Distributions for varios 

values of convective heat transfer 

 

Figure 16: Temperature Distributions for varios 

values of thermal buoyancy 

 

Figure 17: Chemical Species Distributions for 

varios values of reactivity parameter 

 

Figure 18: Chemical Species Distributions for 

varios values of convective heat transfer 

 

Figure 19: Chemical Species Distributions for 

varios values of heat generation 

 

Figure 20: Chemical Species Distributions for 

varios values of thermal buoyancy 

https://www.paperpublications.org/
https://www.paperpublications.org/


                                                                                                                                                                    ISSN  2350-1022 
 

International Journal of Recent Research in Mathematics Computer Science and Information Technology  
Vol. 9, Issue 2, pp: (55-69), Month: October 2022 – March 2023, Available at: www.paperpublications.org 

 

 Page | 66 
Paper Publications 

 

Figure 21: Chemical Species Distributions for 

varios values of Soret number 

 

Figure 22: Chemical Species Distributions for 

varios values of Eckert number 

V.   CONCLUDING REMARK 

From the both the analytical and graphical solutions obtained, we deduced the following:  

• the maximum velocity, temperature and concentration occurs at the surface which is dependent on the convective 

boundary conditions 

• the Lorentz force and heat generation/absorption decline the bulk velocity of the flow field  

• convective heat transfer, Eckert number, velocity slip factor, chemical reactivity parameter, mass and thermal buoyancy, 

Frank Kamnetski parameter and, Soret number respectively in increase in velocity of the flow field. 

• the reactive flow under consideration based on the modell assumption is a distructive reaction 

• convective heat traansfer is seen to decline the chemical species distributions  

• Skin-Friction is a resistant force exerted on an object passing through the fluid.  

Nomenclature  

𝒚 flow axis  Dimensionless group 

𝒖, 𝒗 Velocity component along x and y-axis  𝑩𝒊 Convective heat transfer 

𝑻 Temperature field  𝜽 dimensionless temperature 

𝑪 Species concentration field  𝝓 dimensionless concentration 

𝒈 gravitational acceleration  𝑮𝒓𝒄  Mass Grashof number  

𝑩𝟎 Magnetic field of uniform strength  𝑮𝒓𝒕 Thermal Grashof number 

𝑻𝒘 surface temperature  N buoyancy ratio  

𝑻∞ ambient temperature  𝜆 Chemical reaction parameter 

𝑪𝒘 surface concentration   𝜶 heat generation parameter 

𝑪∞ ambient concentration  𝑵𝒖  Nusselt number 

𝜷𝒕 Volumetric coefficient of thermal expansion  𝑺𝒉  Sherwood number 

𝜷𝒄 Volumetric coefficient of mass expansion  𝐻 Hartmann number 

𝑘 thermal conductivity  𝑆𝑟 Soret number 

𝒄𝒑 specific heat capacity at constant pressure  𝐸𝑐 Eckert Number 

𝑫 Molecular diffusivity  𝜆 Reactivity parameter 

𝑼∞ ambient velocity  𝛽 Heat generation parameter 

𝑸 Heat source/sink parameter  𝐷𝐵 Brownian Diffusion Coefficient,  
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𝐿1 Slip velocity  ℎ plate heat transfer coefficient 

𝑘𝑟 Binary chemical reaction parameter  𝑷𝒓  Prandtl number 

𝑅𝐺 Universal gas constant  𝑺𝒄  Schmidt number 

𝐸𝑎 Activation Energy  Subscript 

Greek Symbol  ∞ ambient condition 

𝝆 fluid density  𝒘 wall condition 

𝛔 Electrical conductivity   

𝜇 Fluid viscosity  0 < 𝜖 ≪ 1 

Appendix 

𝑚 =
1

2
(𝑃𝑟𝑣0 + √𝑃𝑟

2𝑣0
2 −  4𝑃𝑟𝛽) , 𝑛 =

1

2
(𝑣0 + √𝑣0

2 −  4𝐻) 

𝑎1 =
𝐵𝑖

𝐵𝑖 + 𝑚
, 𝑎2 = −

𝑆𝑟𝑚𝑎1
𝑆𝑐𝑣0

, 𝑎3: =
𝐺𝑟𝑡𝑎1

−𝑚2 +𝑚𝑣0 + 𝐻
, 𝑎4: =

𝐺𝑟𝑐𝑎2
(−𝑆𝑐2 + 𝑆𝑐)𝑣0

2 + 𝐻
, 

𝑎5 = −
𝑆𝑐𝐿0𝑎4𝑣0 +𝑚𝐿0𝑎3 + 𝑎3 + 𝑎4

𝑛𝐿0 + 1
, 𝑎7: =  −

𝐸𝑐𝑎3
2𝑚2

−2𝑃𝑟𝑚𝑣0 + 𝑃𝑟𝛽 + 4𝑚
2
, 

𝑎6 = −((𝐵𝑖 + 2𝑚)𝑎7 + (𝑆𝑐𝑣0 + 𝐵𝑖 + 𝑚)𝑎8 + (𝐵𝑖 + 𝑚 + 𝑛) 𝑎9 + (2𝑆𝑐𝑣0 + 𝐵𝑖)(𝑎10 + 𝑎12)

+ (𝑆𝑐𝑣0 + 𝐵𝑖 + 𝑛) 𝑎11) . (𝐵𝑖 + 𝑚)⁄  

𝑎8 = 
−2𝛿𝑎3𝑚𝑎4𝑆𝑐𝑣0

(𝑆𝑐𝑣0 +𝑚)
2 − 𝑃𝑟𝑣0(𝑆𝑐𝑣0 +𝑚) + 𝑃𝑟𝛽

,  

𝑎9 = 
−2𝐸𝑐𝑎3𝑚𝑎5𝑛

(𝑚 + 𝑛)2 − 𝑃𝑟𝑣0(𝑚 + 𝑛) + 𝑃𝑟𝛽
, 𝑎10 =

−𝐸𝑐𝑎4
2𝑆𝑐2𝑣0

2

−2𝑃𝑟𝑆𝑐𝑣0
2 + 4𝑆𝑐2𝑣0

2 + 𝑃𝑟𝛽
,   

𝑎11 = 
−2𝐸𝑐𝑎4𝑆𝑐𝑣0𝑎5𝑛

(−𝑆𝑐𝑣0 − 𝑛)
2 + 𝑃𝑟𝑣0(−𝑆𝑐𝑣0 − 𝑛) + 𝑃𝑟𝛽

, 

𝑎12 = −
𝐸𝑐𝑎5

2𝑛2

−2𝑃𝑟𝑆𝑐𝑣0
2 + 4𝑆𝑐2𝑣0

2 + 𝑃𝑟𝑏𝑒𝑡𝑎
, 

 

𝑎13 ≔ 

𝑆𝑟(3𝑚𝑎7 + (𝑆𝑐𝑣0 +𝑚)𝑎8 + (𝑚 + 𝑛)𝑎9 − 2𝑆𝑐𝑎10𝑣0)

−
𝜆𝑎2𝑎1

𝑟

𝑚
(

𝑎1
2

2(𝑟 + 2)
+

𝑎1
𝑟 + 1

+
1

𝑟
)

,   

𝑎14 ≔ −
1

2

𝜆𝑎1
3𝑎2

𝑚(𝑟 + 2)(𝑆𝑐𝑣0 +𝑚𝑟 + 2𝑚)
, 

𝑎15 ≔ −
𝜆𝑎1

2𝑎2
𝑚(𝑟 + 1)(𝑆𝑐𝑣0 +𝑚𝑟 +𝑚)

, 𝑎16 ≔ −
𝜆𝑎2𝑎1

2

𝑚𝑟(𝑆𝑐𝑣0 +𝑚𝑟)
 

, 𝑎17 ≔ −
𝑎13
𝑆𝑐𝑣0

, 𝑎19 ≔ −
𝐺𝑟𝑡𝑎6

𝑚2 −𝑚𝑣0 − 𝐻
, 

𝑎20 ≔ −
𝐺𝑟𝑡𝑎7

4𝑚2 − 2𝑚𝑣0 −𝐻
, 𝑎21 ≔ −

𝐺𝑟𝑡𝑎8
(−𝑆𝑐𝑣0 −𝑚)

2 + 𝑣0(−𝑆𝑐𝑣0 −𝑚) − 𝐻
, 

𝑎22 ≔ −
𝐺𝑟𝑡𝑎9

(−𝑚 − 𝑛)2 + 𝑣0(−𝑚 − 𝑛) − 𝐻
, 𝑎23 ≔ −

𝐺𝑟𝑡(𝑎10 + 𝑎12)

4𝑆𝑐2𝑣0
2 − 2𝑆𝑐𝑣0

2 −𝐻
,   

𝑎24 ≔ −
𝐺𝑟𝑡𝑎11

(−𝑆𝑐𝑣0 − 𝑛)
2 + 𝑣0(−𝑆𝑐𝑣0 − 𝑛) − 𝐻

; 
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𝑎26 ≔ −
𝐺𝑟𝑐𝑎14

(−𝑆𝑐𝑣0 −𝑚(𝑟 + 2))
2
+ 𝑣0(−𝑆𝑐𝑣0 −𝑚(𝑟 + 2)) − 𝐻

, 

𝑎27 ≔ −
𝐺𝑟𝑐𝑎15

(−𝑆𝑐𝑣0 −𝑚(𝑟 + 1))
2
+ 𝑣0(−𝑆𝑐𝑣0 −𝑚(𝑟 + 1)) − 𝐻

, 

𝑎28 ≔ −
𝐺𝑟𝑐𝑎16

(𝑆𝑐𝑣0 +𝑚𝑟)
2 − 𝑣0(𝑆𝑐𝑣0 +𝑚𝑟) − 𝐻

, 𝑎29 ≔ −
𝐺𝑟𝑐𝑎17

𝑆𝑐2𝑣0
2 − 𝑆𝑐𝑣0

2 − 𝐻
,  

𝑎18: =  𝑚𝐿0(𝑎19 + 2𝑎20 + 𝑣0𝑎21 + 𝑎22 + (𝑟 + 2)𝑎26 + (𝑟 + 1)𝑎27 + 𝑟𝑎28) + 𝑛𝐿0(𝑎22 + 𝑎24)  + 𝑎19 + 𝑎20 + 𝑎22
+ 𝑆𝑐𝐿0𝑣0𝑎23 + (𝑆𝑐𝐿0𝑣0 + 1)𝑎24 + (𝑆𝑐𝐿0𝑣0 + 1)(𝑎26 + 𝑎27 + 𝑎28 + 𝑎29 + 𝑎21 + 𝑎23). 
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